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FIGURE 5.9 : Principal component plot of the data set in FIGURE 5.6

the basis of empirical evidence. It can help with �nding contributing factors
a�ecting, for example, prices of groups of stocks, GDPs of countries, and
water and air qualities. For exploratory factor analysis (EFA), there is no pre-
de�ned idea of the structure or dimensions in a set of variables. On the other
hand, a con�rmatory factor analysis (CFA) tests speci�c hypotheses about
the structure or the number of dimensions underlying a set of variables.

The factor model proposes that observed responses X1, ..., Xn are partially
in�uenced by underlying common factors F1, ..., Fm and partially by underly-
ing unique factors e1, ..., en.

X1 = λ11F1 + λ12F2 + ...+ λ1mFm + e1

X2 = λ21F1 + λ22F2 + ....+ λ2mFm + e2

...
Xn = λn1F1 + λn2F2 + ...+ λnmFm + en

The coe�cients λij are called the factor loadings, so that λij is the loading
of the ith variable on the jth factor. Factor loadings are the weights and
correlations between each variable and the factor. The higher the loading
value, the more relevant the variable is in de�ning the factor's dimensionality.
A negative value indicates an inverse impact on the factor. Thus a given factor
in�uences some measures more than others, and this degree of in�uence is
determined by loadings. The error terms e1, ..., en serve to indicate that the
hypothesized relationships are not exact. The ith error term describes the
residual variation speci�c to the ith variable Xi. The factors are often called
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the common factors while the residual variables are often called the unique or
speci�c factors.

The number of factors m should be substantially smaller than n. If the
original variables X1, ..., Xn are at least moderately correlated, the basic di-
mensionality of the system is less than n. The goal of factor analysis is to
reduce the redundancy among the variables by using a smaller number of
factors.

To start an EFA, we �rst extract initial factors, using principal components
to decide on the number of factors. Eigenvalue is the amount of variance in
the data described by the factor, and eigenvalues help to choose the number
of factors. In principal components, the �rst factor describes most of the vari-
ability. We then choose the number of factors to retain, and rotate axes to
spread variability more evenly among factors. Rede�ning factors that loadings
tend to make very high (-1 or 1) or very low (0) makes sharper distinctions
in the interpretations of the factors.

Example

We apply the principal component-based factoring method on the data in FIG-
URE 5.6. The eigenvalues and the factor patterns are shown in FIGURE 5.10.

FIGURE 5.10 : Eigenvalues and factor patterns for the data in FIG-

URE 5.6

Now we apply the orthogonal Varimax rotation (maximizes the sum of the
variances of the squared loadings) to obtain rotated factor patterns, as shown
in FIGURE 5.11, and the revised distribution of variance explained by each
factor, as shown in FIGURE 5.12. The total variance explained remains the
same and gets evenly distributed between the major two factors.

Example

Here is an arti�cial example to check the validity and robustness of factor
analysis. The data from the Thurstone box problem (Thurstone, 1947), as
shown in FIGURE 5.13, measures 20 di�erent characteristics of boxes, such
as individual surface areas and box inter-diagonals. If these measurements are
only linear combinations of the height, width, and depth of the box, then the
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FIGURE 5.11 : Rotated factor patterns from factors in FIGURE 5.10

FIGURE 5.12 : Variance explained by each factor in FIGURE 5.11

data set could be reproduced by knowing only these dimensions and by giving
them appropriate weights. These three dimensions are considered as factors.

FIGURE 5.13 : 20 variable box problem data set (Thurstone, 1947)

As shown in FIGURE 5.14, the three dimensions of space are approxi-
mately discovered by the factor analysis, despite the fact that the box char-
acteristics are not linear combinations of underlying factors but are instead
multiplicative functions. Initial loadings and components are extracted using
PCA.

The question is how many factors to extract in a given data set. Kaiser's
criterion suggests that it is only worthwhile to extract factors which account
for large variance. Therefore, we retain those factors with eigenvalues equal
to or greater than 1.
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There are 20 observations, each a function of x, y or z or one of their
combinations. In FIGURE 5.14, Proportion indicates the relative weight of
each factor in the total variance. For example, 12.6149/20 = 0.6307. So the
�rst factor explains about 63% of the total variance. Cumulative shows the
total amount of variance explained, and the �rst six eigenvalues explain almost
99.6% of the total variance. From a factor analysis perspective the �rst three
eigenvalues suggest a factor model with three common factors. This is because
the �rst two eigenvalues are greater than unity and the third one is closer to
unity and together they explain over 98% of the total variance.

FIGURE 5.14 : Factor analysis of the data in FIGURE 5.13 shows the

eigenvalues for variance explained by each factor and three retained

factors

Rotating the components towards independence, rather than rotating the
loadings towards simplicity, allows one to accurately recover the dimensions
of each box and also to produce simple loadings. FIGURE 5.15 shows the
factors of FIGURE 5.14 after an orthogonal Varimax rotation. The total of
eigenvalues for the factors remains the same, but variability among factors is
evenly distributed.

There are some di�erences between EFA and PCA and they will provide
somewhat di�erent results when applied to the same data. EFA assumes that
the observations are based on the underlying factors, whereas in PCA the
principal components are based on observations. The rotation of components
is part of EFA but not PCA.

5.5 SURVIVAL ANALYSIS

Survival analysis (Kleinbaum and Klein, 2005; Hosmer et al., 2008) is a time-
to-event analysis that measures the time from the beginning of a study to a
terminal event, conclusion of the observation period, or loss of contact/with-
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FIGURE 5.15 : Factors of FIGURE 5.14 after an orthogonal Varimax

rotation

drawal from the study. Survival data consist of a response variable that mea-
sures the duration of time (event time, failure time, or survival time) until a
speci�ed event occurs. Optionally, the data may contain a set of independent
variables that are possibly associated with the failure time variable. Exam-
ples of survival analysis include determining the lifetime of a device (the time
after installation until the device breaks down), the time until a company de-
clares bankruptcy after its inception, the length of time an auto driver stayed
accident-free since becoming insured, the length of time a person stayed on
a job, the retention time of customers, and the survival time (or time until
death) for organ transplant patients since transplant surgery.

The censoring problem in survival analysis arises due to incomplete obser-
vations of survival time during a period of study. Some subjects of study have
censored survival times because they may not be observed for the full study
period due to drop-out, loss to followup, or early termination of the study. A
censored subject may or may not have an event of interest if it occurs before
the end of the study but their data is incomplete.

Example

FIGURE 5.16 illustrates the survival histories of six subjects in an example
of a study that could be measuring implanted device lifetimes or post-organ
transplant outcomes.

In the �gure, the terminal event of interest is �breakdown� or �death� which
motivates a study of survival time. Not all devices will cease to work during
the 325 days of the study period, but all will break down eventually. In the
�gure, the solid line represents an observed period at risk, while the broken
line represents an unobserved period at risk. The letter �X� represents an
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FIGURE 5.16 : Survival histories of subjects for analysis

observed terminal event, the open circle represents the censoring time, and
the letter �N� represents an unobserved event.

An observation that is right-censored means the relevant event has not yet
occurred at the time of observation. An observation that is left-censored means
the relevant event has occurred before the time of observation but the exact
time is not known. An observation is interval-censored if the event occurs at
an unknown point in a time interval. Right-censored observations are the most
common kind.

Example

In FIGURE 5.16, the observation of subject 5 is right-censored. Subject 4
joined the study late. Subject 6 is lost to observation for a while. Subject 2
joined the study on time but was lost to observation after some time, and died
before the study period ended, but it is not known exactly when.

Consider the random variable T representing the survival time with den-
sity f (t). The cumulative distribution function is F (t) = p (T ≤ t), which
represents the probability that a subject survives no longer than time t. S (t)
is the survival function or the probability that a subject survives longer than
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time t, that is,

S (t) = p (T > t) = 1− F (t) =

∞∫
t

f (s) ds.

A typical question to be asked is �What is the probability of the device lasting
past 300 days?� and the answer is S (300). The hazard function is de�ned as

h (t) =
f (t)

S (t)
.

Methods for estimating survival function include life table analysis, Kaplan-
Meier product-limit estimator, and Cox's semi-parametric proportional hazard
model, of which the life table is the least complicated way to describe the
survival in a sample. A straightforward multiple regression technique is not
suitable for survival analysis because of the problem of censoring and the
survival time dependent variable, as well as the fact that other independent
variables are not normally distributed.

In the life table analysis, the distribution of survival times is divided into a
certain number of intervals. For each interval we can then compute the number
and proportion of cases or objects that entered the respective interval, the
number and proportion of terminal events, and the number of cases that were
lost or censored in the respective interval. Several additional statistics can be
computed based on these numbers and proportions, especially the estimated
probability pi of failure in the respective interval. This probability pi of the
ith interval is computed per unit of time as (ni − ni+1) /ti, where ni is the
estimated cumulative proportion surviving at the beginning of the ith interval,
ni+1 is the cumulative proportion surviving at the end of the ith interval,
and ti is the width of the ith interval. Since the probabilities of survival are
assumed to be independent across the intervals, the survival probability up to
an interval is computed by multiplying out the probabilities of survival across
all previous intervals.

The life table gives us a good indication of the distribution of survival over
time. However, for predictive purposes it is often desirable to understand the
shape of the underlying survival function in the population. The two major
distributions that have been proposed for modeling survival or failure times
are the exponential and the Weibull distribution.

The Kaplan-Meier product-limit estimator (1958) is a life table analysis in
which each time interval contains exactly one case. The method arranges the
data in increasing order of the observed values, noting the censored cases. It
then computes the proportion of subjects who left the study after each change
in the ordering. The advantage of using this estimator is that the resulting
estimates do not depend on the grouping of the data into a certain number of
time intervals. Cox's proportional hazards model determines the underlying
hazard rate as a function of the independent variables.
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Example

We undertake a retrospective analysis of 863 records (part displayed in FIG-
URE 5.17) of patients who underwent a kidney transplant during a certain
period of time. The patient population examined contains males and females,
and both black and white subjects.

FIGURE 5.17 : Example data for survival analysis (Ref:

http://www.mcw.edu/FileLibrary/Groups/Biostatistics/Public�les/

DataFromSection/DataFromSectionTXT/Data_from_section_1.7.txt)

Survival studies were calculated using the Kaplan-Meier Product-Limit
method. The outcome endpoints were alive and dead. The data were grouped
by the gender and race variables and hence there were four groups. The sur-
vival functions for both white and black females are shown in FIGURE 5.18.

FIGURE 5.18 : An example survival analysis plots
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It's clear from the �gure that the average survival time is higher for the
population representing the distribution function on the left than on the right.
Similar other conclusions can be drawn by studying and comparing the two
distribution functions.

5.6 AUTOREGRESSION MODELS

A process is stochastic if it evolves in time according to probabilistic laws.
In this section, we introduce three types of stochastic processes, Autoregres-
sive (AR), Moving Average (MA), and Autoregressive and Moving Average
(ARMA), which are a special type of Gaussian process for modeling time-
series data. A simple AR process, AR(1), is recursively de�ned as follows:

Xt = aXt−1 + εt

where a is the coe�cient, εt is white noise with εt ∼ N
(
0, σ2

)
and εi and εj

are independent for i 6= j. By repeated substitution,

Xt = εt + aεt−1 + a2εt−2 + ...

Therefore, E [Xt] = 0 and V ar [Xt] = σ2
(
1 + a2 + a4 + ...

)
= σ2

1−a2 , if |a| <
1. More generally, an autoregression model of order p, AR(p), is de�ned as :

Xt = a1Xt−1 + ...+ apXt−p + εt

where Xt can be obtained by linear regression from Xt−1, ..., Xt−p.
The MA process represents time series that are generated by passing the

white noise through a non-recursive linear �lter. The general MA process of
order q, MA(q), is de�ned as follows:

Xt = εt + b1εt−1 + ...+ bqεt−q

where bis are coe�cients and εi is white noise with εi ∼ N
(
0, σ2

)
. AR(p) and

MA(q) processes can be combined to de�ne ARMA(p, q) as

Xt = a1Xt−1 + ...+ apXt−p︸ ︷︷ ︸
Autoregressive (AR)

+ εt + b1εt−1 + ...+ bqεt−q︸ ︷︷ ︸
MovingAvergae (MA)

Example

FIGURE 5.19 is an autoregressive plot of forecasts of the closing values of
Intuit stock for seven days in the �rst half of January 2006. The order of the
autoregressive process is 5 and the process employs a maximum likelihood
estimator method. The �gure also shows the 3 standard deviations from the
mean as the Lower Control Limit (LCL) and Upper Control Limit (UCL)
values.

Note from the �gure that the autoregression process takes a time-step or
two to predict a steep ascension or decline in the observed data.
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FIGURE 5.19 : Plot of forecasts by autoregression

5.7 FURTHER READING

Two very comprehensive books on applied regression analyses are (Gelman
and Hill, 2006) and (Kleinbaum et al., 2007). A great tutorial on survival
analysis can be found in (Kleinbaum and Klein, 2005).




